Consider the following discrete models of nonautonomous Lotka-Volterra type:
Introduction
Recently, by using the averaged conditions, Ahmad and Lazer [2] (see also Ahmad and Lazer [1] ), have established the strong improvement of the results in Gopalsamy [6, 7] , and Tineo and Alvarez [13] for the following nonautonomous, competitive, Lotka-Volterra type differential system: ( Consider the following discrete system of nonautonomous Lotka-Volterra type:
 For autonomous cases in Eq. (1.8), there are several literatures. If for n = 2 and m = 0, system is a prey-predator system or the two species are competitive, then a theorem in Hofbauer et al. [4] show that the existence of positive equilibrium in the system guarantee its permanence. But if the system is cooperative, Lu and Wang [8] show that it can not be permanent in any case. Lu and Wang [8] also give sufficient conditions for permanence for no delay case m = 0; later, Saito et al. [11, 12] generalized them and established the necessary and sufficient conditions for permanence in the case n = 2 and any m 0.
On the other hand, in the case of prey-predator and competitive system for n = 2 and m 0, Wang and Lu [14] and Wang et al. [15] found fined further conditions to ensure that the discrete system is globally asymptotically stable. But for the cases n 2 and m 0, it is still a remained problem to establish sufficient conditions for the permanence of the system (1.1).
In this paper, we apply the techniques offered by Ahmad and Lazer [2] to the discrete system (1.8) of nonautonomous Lotka-Volterra type, and establish similar conditions of the persistence and global asymptotic stability of the system. For a given sequence {g(p)} ∞ p=0 , we set 10) and for integers 0 p 1 < p 2 , we set
( 
For the discrete system (1.8)-(1.9), we consider an averaged condition as follows:
For any N i 0, 1 i n, such that
In particular, for the system (1. 
are n × n matrices, and
are n-dimensional vectors.
(1.19)
Then, the condition (1.15)-(1.16) is equivalent to the following:
and from c > (
Thus, the extended averaged condition (1.15)-(1.16) is satisfied. Letc
We shall establish the following extension of the Ahmad and Lazer's results in [2] to the discrete system (1.8)-(1.9). 
then the system (1.8)-(1.9) is persistent for solutions, that is,
(1.27)
The organization of this paper is as follows. In Section 2, using the similar techniques in Ahmad and Lazer [2] , we prove that Eqs. 
Conditions of persistence and global asymptotic stability
Consider the persistence and the global asymptotic stability of the discrete system (1.8)-(1.9) of nonautonomous Lotka-Volterra type.
Lemma 2.1. For the system (1.8)-(1.9) and 1 i n, 
where [t] denotes the maximal integer less than or equal to t and each φ i (t) is a piecewise constant function such that
Then we easily see that by Eq. (
Thus, integrating both sides with respect to t on [0, t], one obtains that 
Then, any solution of the system (1.8)-(1.9) is bounded above, and it holds that
where N i , 1 i n, are defined by (1.23).
Proof. Since
Thus, we may assume, without loss of generality, that
for some p 0, then by assumptions, we have
Now, let us consider the case that N 1 (p) is eventually decreasing and bounded below byÑ 1 
We will show that β = 0.
Indeed, suppose β > 0. Let take any positive constant η. Then, there exists p 0 0 such that
since N 1 (p) −Ñ 1 eventually decreases to β. Thus, we have
Therefore, we have
which in turn implies, due to
On the other hand, if N 1 (p) 
Therefore, similar to the above discussions of i = 1, we get that
Thus, we have lim sup 
This shows that if 
it holds that for each q 1, there exists a l q ∈ {0, 1, 2, . . ., m} such that
Similar to Eq. (2.1), it follows from Eq. (2.5) that
By Lemma 2.2 and assumptions, there is a positive constant V such that V (p) V , p 0, and fork = max 0 l m k l , we have that 
The following lemma is a discrete version, similar to Ahmad and Lazer [ By definition of the set J , it follows that for each integer q 1, there exists a number t q 0 such that 
But J ⊆ J * and J = J * , so we have a contradiction to the fact that J is a maximal subset of {1, 2, . . ., n} with this property. This proves the lemma. 
Moreover, since d r − c r q r → ∞ as r → ∞, it follows that for all k ∈ K,
(2.23)
Since, by Lemma 2.6 and the above,
we have that for all k ∈ K,
From Eqs. (1.8) and (1.9), we see that for k ∈ K,
Therefore, by Eqs. (2.17) and (2.21)-(2.24), for any k ∈ K, Let N j = 0 for any j ∈ J and N = (N 1 , N 2 , . . . , N n ) T . From Eq. (2.19), we see that
Then by Eqs. (1.19) and (1.22), it holds that However, by conditions (1.22) and (2.25), we see that
This contradiction proves that Eqs. 
From Eq. (1.8), one can verify that for p 0 and 1 i n, 
Then, for p p , we have that
which implies that for 1 i n, (2.32)
